We investigate realistic experimental conditions under which the collective Dicke model can be implemented in the ion-cavity QED context. We show how ideal subradiance and superradiance can be observed and we propose an experiment to generate entanglement exploiting the existence of the subradiant state. We explore the conditions to achieve optimal entanglement generation and we show that they are reachable with current experimental technology.
I. INTRODUCTION
The Dicke model describes the dynamics of N identical two-level atoms interacting with a quantized threedimensional electromagnetic (EM) field [1] . Under certain conditions the model predicts that the atoms interact with the quantized EM field collectively, giving rise to the widely studied phenomena of superradiance and subradiance [2, 3] . In free space ideal superradiance and subradiance take place in the so called small sample limit, i.e., when the atoms are so close to each other that one can ignore any effect resulting from their different spatial positions. In this case the atoms are indistinguishable with respect to their emission and absorption properties; hence, the presence of equivalent paths through which the emission process may occur gives rise to fully constructive (superradiance) or destructive (subradiance) interference.
Ideal superradiance or subradiance in free space is very difficult to observe in the experiments since it requires that the atoms are placed in a regular pattern within a sample smaller than the wavelength of the EM field they interact with (small sample case). The requirement of a regular pattern is due to the presence of the dipoledipole forces that would otherwise break the symmetry under permutation of any two atoms necessary to observe superradiant-subradiant behavior. Such a regularity can be achieved, e.g., with trapped-ion crystals [4] or atoms in optical lattices [5] . In these systems, however, the separation between the particles is typically larger or on the same order of magnitude than the resonant wavelength (large sample case). In the large sample case, cooperative effects still occur but the subradiant state is not completely decoupled from the dynamics. Indeed, partial subradiance and superradiance have been observed with trapped ions [6] .
A way for relaxing the requirement for configuration regularity is to place the small sample in a cavity resonator. In this case, indeed, due to the Purcell effect, * Electronic address: kari.harkonen@utu.fi the cooperative atomic behavior can be observed at much lower atomic density than in free space, making the van der Waals dephasing caused by the irregular atomic configuration negligible [2] . Experiments observing superradiance in the small sample case in a cavity have been performed with Rydberg atoms [7] , giving results in a very good agreement with the predictions of the singlemode superradiance theory. In this experiment, all of the atoms are equivalently coupled to the quantized mode of the EM field (homogeneous case).
Recent advances in ion-cavity QED experiments make it possible to confine arrays of ions inside an optical cavity in a regime in which the width of their wave packet in position space is smaller than the wavelength of the cavity mode they interact with (Lamb-Dicke regime) [8, 9] . Moreover, it is possible to accurately manipulate the position of the single ions with respect to the intensity profile of the standing cavity mode, thereby allowing us to change the strength of the coupling between each ion and the quantized EM field.
It has been demonstrated theoretically that, when the atoms are coupled with different strengths to the EM field, ideal superradiance or subradiance can still occur, depending on the particular spatial distribution of the atoms [10, 11, 12] . However, no experiments have up to now confirmed these predictions by the inhomogeneous Dicke model. Very recently, an important step in this direction has been achieved at the University of Aarhus, where a collective strong coupling between an ion crystal and a cavity mode was observed [13] . In this paper, we investigate in detail how the inhomogeneous singlemode Dicke model (or Tavis-Cummings model [14] ) can be realized in the ion-cavity QED context and the conditions under which subradiance and superradiance can be observed.
Besides the importance in the study of fundamentals of quantum theory, the realization of the Dicke model and the generation of the subradiant state play a crucial role in quantum information technology and quantum communication. Indeed, arrays of ions are ideal candidates for quantum registers and their controlled interaction with photons allows us to realize atom-light quantum interfaces [15] and to distribute entanglement to different nodes of quantum networks. The importance of the subradiant states in this context stems from the fact that they are robust entangled atomic states since they are completely decoupled from the EM field.
The aim of this work is to discuss a realistic setup that is able to show the collective behavior of trapped ions in a cavity. In particular, since in the experiments performed so far the ions are coupled to the EM mode via a Raman scheme in a Λ-configuration, we will include the entire level structure, which is important in order to understand the decohering role of the spontaneous emission from the upper and essentially unpopulated level. We will also include cavity losses in order to study in detail the deviation from the ideal cooperative Dicke model and to identify the parameter regions in which such deviations are as small as possible.
In fact, during the last two decades, several theoretical papers have discussed issues such as entanglement generation, preparation of nonclassical states, or realization of quantum gates in the ion-cavity QED context assuming that the conditions to realize an ideal Tavis-Cummings model were met [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . Thus, either the spontaneous emission or the cavity losses (or both processes) are usually neglected [17, 19, 23, 24] . Concerning spontaneous emission, for example, the assumption is made that the emission rate is much smaller than the cavity coupling constant [16, 20, 21, 22, 25] . However, this condition is not met in the ion-cavity QED experiments [8, 9] . Furthermore, as we will demonstrate in this paper, if one deals with simplified atomic level structures [18, 19, 26, 27] , it is not possible to single out those regions in parameter space for which the systems of trapped ions behave collectively.
In this paper, we will take both the cavity losses and the spontaneous emissions into account and employ Λ-type schemes to describe the ions and to identify the experimental conditions under which the coherent dynamics predicted by the single-mode Dicke model is dominant with respect to losses and decoherence. This will also allow us to present realistic protocols for entanglement generation and to discuss ways to optimize the generated entanglement using specific features of the trapped-ion system, such as the ability to manipulate in a controlled way the relative coupling between the ions and the cavity field.
The structure of the paper is the following. In Sec. II we review the properties of the inhomogeneous singlemode Dicke model. In Sec. III we present the Hamiltonian for two ions in a cavity and we make the connection to the Dicke model by deriving an effective model describing the dynamics under realistic experimental conditions. Section IV is devoted to the description of the experimental proposal to observe subradiance and verify the inhomogeneous Dicke model. Furthermore, in Sec. V we explore another way to optimize the entanglement generation by using off-resonant transitions. Finally, a summary of the results and the conclusions are given in Sec. VI.
II. INHOMOGENEOUS SINGLE-MODE DICKE MODEL
A. Ideal cavity
The single-mode Dicke model, or Tavis-Cummings model, is the simplest quantum-mechanical model describing collective effects such as superradiance and subradiance in cavity. It describes the quasi-resonant interaction between N identical two-level atoms and a single quantized cavity mode. The Tavis-Cummings Hamiltonian is
where ω C and ω A are the frequencies of the cavity mode and the atomic transition, respectively; a and a † are the annihilation and the creation operators for the cavity mode; and σ
† are the lowering and the raising operators for the jth atom, |0
(j) and |1 (j) being its ground and excited states, respectively. Finally, α (j) is the coupling strength of the jth atom with the cavity field. Inhomogeneity of the coupling strengths originates from different relative positions of the atoms with respect to the intensity profile of the standing EM mode supported by the cavity resonator.
This model assumes that the cavity is ideal, as photon escape is not taken into account, and that atomic spontaneous emission from the excited to the ground state is negligible. The model also neglects the atomic motion as well as recoil effects due to the absorption and subsequent re-emission of a photon by the atoms. Moreover, the dipolar coupling of the atoms and the EM field is expressed within a rotating wave approximation (RWA), thereby suppressing the non-energy-conserving terms. Finally, it implicitly assumes that the coupling between the atoms and the cavity mode does not change, i.e., that the atoms are kept at fixed positions. While the RWA has been proven to work extremely well in optical experiments, all other assumptions need further consideration. In the following sections we will examine them in detail for the ion-cavity QED setup.
Using a suitable canonical transformation it has been shown that, when only one excitation is present in the total system, the N atoms interacting with the quantized field mode according to Eq. (1) cooperate in such a way that only one collective atomic mode (superradiant state) is coupled to the field [11] . Consequently, the energy exchange between the atoms and the field can be completely suppressed if the only field-coupled collective mode is unexcited.
For simplicity, we will from now on focus on the N = 2 case sketched in Fig. 1 , and we will denote the energy eigenstates for the free ions as |a (1) 
FIG. 1: (Color online) Two binary quantum objects interacting through a quantized electromagnetic mode supported by a cavity resonator. The dynamics of such an ideal system is described by the Dicke model.
(with a, b = 0, 1) and the corresponding Fock states of the cavity mode as |n (C) , where n = 0, 1, . . . . The time evolution generated by H D is easily obtained explicitly. For a cavity initially prepared in the vacuum state, and in the presence of only one atomic excitation, the time evolution of the amplitudes c 10 (t) and c 01 (t) to find the ions in the states |1
(1) 0 (2) and |0 (1) 1 (2) , respectively, is given by
In the equations above the relative coupling strengths are defined as r
| 2 is the total coupling strength, and
where δ = ω A − ω C is the detuning and Ω v = 4|α T | 2 + δ 2 is the vacuum Rabi frequency. Note that r (1) and r (2) are not independent parameters, since
The subradiant |ψ − and the superradiant |ψ + states are
and, in this case, they are position dependent through the relative coupling strength parameters r (1) and r (2) . As one can see directly from Eq. (1), the state |ψ − ⊗ 0 (C) is an eigenstate of the Tavis-Cummings Hamiltonian with eigenvalue 1 2 ω C + ω A . Therefore, when the atoms are prepared in this state, they are completely decoupled from the cavity field and the system does not evolve at all. In the case of equally strong couplings, i.e., for |r
(1) | = |r (2) | = 1/ √ 2, the subradiant and the superradiant states coincide with the maximally entangled Bell states. In general, however, these states are not maximally entangled.
B. Non-ideal cavity
We now proceed to generalize Eq. (1) to the case of a lossy cavity. The imperfect reflectivity of the cavity mirrors and consequent leakage of photons causes a Lorentzian broadening of the spectral line corresponding to the mode supported by the ideal cavity. Accordingly, the microscopic atom-field interaction should now take into account a continuum of modes described by a Lorentzian distribution peaked at the central cavity frequency ω C . For the sake of simplicity, and in view of the discussion in the ion-cavity QED context, we restrict our attention to a one-dimensional cavity model. Namely, we neglect the coupling with all the EM modes other than the ones supported by the lossy cavity. In the rotating wave approximation, the Hamiltonian is given by
where a k and a † k are the annihilation and the creation operators of cavity photons of frequency ω k , respectively. Above, we have assumed that all the atoms have the same electric dipole moment, which has been incorporated in the coupling constants g k , and we indicate with x (j) the position of the atoms along the cavity axis. In the following we will assume that each atom is kept at a fixed position inside the cavity and that they are all well localized, i.e., the spread of their wave function in position space is smaller than the wavelength of the central cavity field mode: ∆x (j) ≪ c/ω C . Since all the significantly contributing modes are close to the central mode (of frequency ω C ), we have
and Eq. (7) takes the form
with χ (j) = i sin(ω C x (j) /c). In the continuum limit the sum over the k-modes is replaced with an integral
where J(ω) is the reservoir spectral density. As mentioned above, we assume a Lorentzian distribution for the spectrum of the field inside the cavity; therefore, we take a spectral density of the form
where the distribution is characterized by its full width at half maximum value κ and by a normalization parameter W 2 = dω J(ω). Hence, κ describes the cavity losses and W describes the total coupling strength.
We focus again on the two-atom case, i.e., N = 2, and we consider the situation in which only one excitation is present in the total atoms-field system. Starting from the Hamiltonian (7) and using the Lorentzian spectral density (10) , it is possible to derive an effective master equation
for the dynamics of the atoms and the cavity mode of frequency ω C [28] . Here, a and a † are the annihilation and the creation operators for the central cavity mode, which is damped at rate κ, and the coherent dynamics is generated by H D in Eq. (1), where the coupling constants are identified as α (j) = χ (j) W . From the exact solution of the effective master equation (11), one can obtain the state of the atomic system by tracing out the cavity degree of freedom:
After performing the trace, and for an initially empty cavity, the problem can be solved exactly. In the ordered basis |1
(
, the atomic density matrix can be written in the form [29] ρ(t) = The dynamics of the two qubits is therefore completely characterized by the two amplitudes:
with
, and
where
is the generalized Rabi frequency. Note that Eqs. (13) and (14) have exactly the same structure as Eqs. (2) and (3), obtained for the single-mode Dicke model without losses. Formally, the cavity losses appear as an additional imaginary part of the detuning δ → δ +iκ/2. Accordingly, the effect of the cavity losses is described by the modification of the time-dependent coefficient E(t), which is now damped at rate κ/4, and by the κ-dependent shift of the Rabi frequency. For κ → 0, the Lorentzian spectral density (10) tends to Dirac's delta distribution, J(ω) → W 2 δ(ω−ω C ), and Eq. (15) reduces to Eq. (4), with α (j) = χ (j) W . It is worth noticing that, as one sees directly from Eq. (9), the subradiant state |ψ − , given by Eq. (5), is still decoupled from the vacuum cavity field. Hence, if the atomic system is initially prepared in this state, no exchange of excitation with the cavity field will take place.
III. EFFECTIVE MODEL OF ION-CAVITY INTERACTION A. Physical setup
Ion-cavity QED experiments use calcium ions which are trapped in a linear Paul microtrap and interact with a quantized mode of a high-finesse optical cavity [8, 9] . In Fig. 2 we show the relevant energy-level structure, couplings, and decay channels for the compound system of two 40 Ca + ions and a single cavity mode. The atomic ground state 4 2 S 1/2 is coupled to the electronically excited state 4 2 P 1/2 by a (classical) pump laser injected from the side of the cavity. On the other hand, the excited state 4 2 P 1/2 is coupled to a metastable state 3 2 D 3/2 by the quantized cavity mode. The excited state 4 2 P 1/2 decays spontaneously to the states 4 2 S 1/2 and 3 2 D 3/2 at rates γ S and γ D , respectively, and the cavity photon is damped at rate κ, as explained in the previous section.
A realistic theoretical description of the dynamics of a single 40 Ca + ion coupled to the cavity mode has been given in Ref. [30] . The authors consider there also the effect of cavity losses and spontaneous emission, taking into account all the Zeeman sublevels of the three relevant electronic states. The main consequence of the presence of the Zeeman sublevels is a reduction in the coupling driven by the cavity field by a factor of √ 3 with respect to the simpler three-level model considered here. Therefore, we will use in the following a three-level model scheme with such a reduced effective coupling to account for the presence of the Zeeman sublevels. In the experiments, the ions sit at the bottom of the trapping potential and are cooled down to the Lamb-Dicke regime. Under these conditions one can assume that the ions are kept at fixed positions and neglect recoil during the emissionabsorption process.
In the following we will consider as initial atomic states those in which one of the two atoms is in its ground state and the other one is in its metastable state, i.e., the states S (1) D (2) and D (1) S (2) . In order to prepare these states, if the vibrational sidebands are not resolved, it is necessary to use a selective laser addressing of the individual ions. This is routinely done in trapped-ion experiments with 40 Ca + ions (see, e.g., [31] ).
The two identical ions interact with the quantized cavity mode of frequency ω C via laser-assisted two-photon processes, as shown in Fig. 2 . The ions are irradiated by a laser beam of frequency ω L + δ L . The laser beams and the cavity field are far detuned by ∆ from the electronic level P (j) , such that ω P − ω D = ω C + ∆ and ω P − ω S = ω L + ∆. Therefore, the setup provides each ion j = 1, 2 with a Raman coupling between the levels S (j) and D (j) . The time evolution of the composite system of the two ions and the cavity mode can be described by a master equation
where we have included the cavity field damping at rate κ, the spontaneous emission channels (two for each ion) at rates γ S and γ D , and where the coherent dynamics is generated by a Hamiltonian
The atomic operators are defined as A (j)
Finally, the coherent couplings provided by the laser and the cavity mode are, respectively,
with k L and k C being the wave numbers of the laser and the standing cavity mode.
B. Effective two-level model
When the detuning ∆ is sufficiently large compared to the couplings, ∆ ≫ g
C , the excited electronic states P (j) can be adiabatically eliminated from the dynamics, as described in detail in Appendix A. In this case the system can be effectively described as composed of two two-level atoms interacting with a cavity mode. For this purpose, we denote the ground and the metastable states of the jth atom as 1
(N.B., the true atomic ground state corresponds to the excited state of the effective two-level system, since it is able to emit a cavity photon through the Raman transition). The adiabatic elimination of the excited levels {|P (j) } is not at all trivial due to the inclusion of the spontaneous emission processes [32] . We show in Appendix A that an effective Tavis-Cummings Hamiltonian can be derived, describing an excitation exchange between the ions and the cavity. However, one needs to include (i) two Stark shift terms per ion (one, in particular, being dependent on the state of the cavity mode) and (ii) an overall rescaling of both the free and the interaction energies by a factor explicitly dependent on the emission rates.
It turns out that, in the interaction picture with respect to H 0 − ∆ j A (j) P P , where H 0 is given by the first two terms on the right-hand side of Eq. (17), the coherent part of the evolution of the ion-cavity system is described by an effective Hamiltonian
where the position-dependent parameters β (j) are defined as
and the dimensionless renormalizing prefactor is
This Hamiltonian resembles the Tavis-Cummings Hamiltonian (1), except for the photon-dependent Stark shift term. However, since the original microscopic model includes dissipative processes, the unitary evolution generated by H eff needs to be supplemented by decohering terms that have a very peculiar structure. Indeed, the effective master equation that describes the time evolution of the ions and the cavity contains four (now both dissipative and non-dissipative) processes (described by jump operators) that take into account the effects of the spontaneous emission as seen in the restricted atomic subspaces spanned by
The cavity damping appears in the restricted subspace in the same form as in the original model.
The effective master equation reads
where the jump operators for each ion j are given by
while the effective decay rates are Γ (j) m = ξγ m /∆ 2 , where m = S, D and the prefactor ξ is given by Eq. (22) . The structure of these jump operators is easy to interpret once the full level configurations of Fig. 2 are taken into account. Let us consider, for example, the operator C (j) S of Eq. (24) . It arises from the spontaneous emission process 4 2 P 1/2 → 4 2 S 1/2 of the jth atom, now being restricted to the two-dimensional subspace
has two contributions, both of them describing non-dissipative decoherence by pure dephasing processes (as one understands from the fact that they do not produce any excitation loss). These two contributions account for the interruption of the ion-cavity excitation exchange (vacuum Rabi cycle) by the spontaneous emission. The first term is an unwanted repopulation of state |1
(j) occurring after the laser has virtually brought the system to the intermediate level |P
(j) of the full Raman cycle. The second term is also due to decay into state |1
(j) , but this time the virtual excitation of level |P (j) is caused by the cavity field. In conclusion, both processes interrupt the vacuum Rabi cycle without the excitation being lost as, at the end, the two-level system is found in its excited state |1 (j) . This implies that the excitation exchange can restart, but with a different phase. Thus, C (j) S describes a phase error. A similar interpretation scheme can be adopted for the two terms constituting C (j) D in Eq. (25) . However, this time the involved process is the spontaneous emission
Whether it occurs after the virtual excitation of level |P (j) performed by the laser (first term) or by the cavity field (second term), the result is that at the end the two-level system is found in its ground state |0 (j) and that one excitation has been lost either from the atom or from the cavity mode. Therefore, this jump operator causes dissipative decoherence. We note that, at this stage, the four jump operators of Eqs. (24)- (25) are both explicitly time dependent and implicitly position dependent via the coefficients β (j) [see Eq. (21)]. A phase rotation within the restricted Hilbert space, spanned by the states with at maximum one excitation, allows transforming the effective Hamiltonian (20) into the Tavis-Cummings Hamiltonian (1) as well as removing simultaneously the time dependence from the jump operators (24) and (25) . This is described in Appendix B. Therefore, in a suitable rotating frame, the following effective Tavis-Cummings Hamiltonian is obtained:
where we have introduced again the spin inversion operators used in Sec. II. The effective Dicke model parameters are
The effective detuning is given by
and (26) and (23) with Eqs. (1) and (11), respectively, we see that, when the effective atomic spontaneous emissions are negligible, this system allows us to realize the Dicke model in the non-ideal cavity case.
C. Effective spontaneous emission processes
As mentioned before, we restrict our study to the case in which only one or zero quanta are present in the composite system of the two ions and the cavity mode. Therefore, the compound state of the two atoms and the cavity photon can be expressed in the basis { 0
. Consequently, the jump operators (24)- (25) can be normalized with respect to the operator norm A = sup φ =1 A |φ , where |φ belongs to the Hilbert space spanned by the basis defined above. The introduction of the normalized jump operators allows to define the effective spontaneous emission decay rates Γ (j) m unambiguously.
The normalized jump operators are
where the decaying states are
The corresponding rescaled decay rates are given by
The cavity photon annihilation operator a = |0
| is already normalized in our restricted basis.
The spontaneous emission decay rates for the considered states of a calcium atom are γ S /2π = 22.3 MHz and γ D /2π = 1.7 MHz. Therefore, Γ S . Consequently, according to the discussion above, the main decoherence sources are the non-dissipative dephasing processes that conserve the energy of the ion-cavity system.
The character of the decaying state, and hence the corresponding jump operator is defined by the balance between the strengths of the laser pumping Ω and the cavity coupling β (j) g. In the strong laser pumping case (|Ω| ≫ |β (j) g|) the non-unitary dynamics of the atomic reduced system is dominated by phase diffusion processes described by the operators A (j) 11 . In the weak laser pumping case (|Ω| ≪ |β (j) g|), on the contrary, the processes described by the operators aA (j) 10 dominate. Moreover, as one can see from Eqs. (35) and (36), one can further modify the character of the specific atomic jump operators by changing the relative position of the ions with respect to the cavity field through the β (j) parameters. The significance of the spontaneous emissions can be estimated by the ratio
For a fixed detuning ∆ this ratio has its minimum value 2γ S /∆ when |β (j) g/Ω| = 1, i.e., when the couplings provided by the laser and the cavity field are equally strong. On the other hand, for fixed coupling strengths, the ratio is inversely proportional to the detuning ∆. This can be exploited in order to minimize the role of the effective spontaneous decay. The cavity damping κ is neither affected by the detuning nor the couplings.
Finally, we note that for large detunings, ∆ ≫ γ S , γ D , the dimensionless prefactor ξ ∼ 1 and the effective decay rates as well as the effective coupling terms have simplified expressions. The effective couplings are then given by α (j) eff ∼ −β (j) g * Ω/∆, while in the limit of strong and weak laser pumpings the dominating decay rates are Γ
IV. ENVIRONMENT-INDUCED ENTANGLEMENT: RESONANT REGIME
In this section we study, analytically and numerically, the dynamics of the entanglement between the electronic degrees of freedom of the two atoms. The generation of entanglement between the ions and its persistence at long times are, indeed, a clear manifestation of the collective (subradiant) behavior. In particular, entanglement generation is mediated by the interaction with the quantized cavity field which is initially prepared in the vacuum state. If the atomic spontaneous emission processes are negligible and we face the bare Dicke model, the dynamics can be described exactly. We compare these exact analytical results to numerical simulations including the spontaneous emission effects. The simulations were implemented by using the Monte Carlo wave function (MCWF) method [33, 34] . We begin by considering the resonant case, where the effective detuning δ eff = 0, with δ eff given by Eq. (30).
A. Analytical solution neglecting spontaneous emission
The effective model describing the dynamics when spontaneous emissions are negligible is given by the master equation (11) with the effective Tavis-Cummings Hamiltonian (26), as described in Sec. II B. The analytical solution for the atomic density matrix is given by Eqs. (12) and (15), with χ (j) W = α (j) eff = β (j) g eff . We are interested in the collective dynamics when initially one excitation is present in the atomic system and the cavity is in its vacuum state. Any initial atomic state containing one excitation can be written in terms of the superradiant and subradiant states (5)- (6) as
As time passes, the collective atomic state decays via the evolution of the superradiant component,
with E(t) given by Eq. (15) . The subradiant component ψ − |ψ(t) = β − , however, remains unchanged. Consequently, for times, such that κt ≫ 1, the atomic state will be in general a statistical mixture of the collective ground state |0 (1) 0 (2) and the subradiant state |ψ − with weights dependent on β − , which in turn depends on the relative coupling strengths r (j) . In the following we focus on the dynamics of entanglement between the atoms. In order to quantify the stationary asymptotic entanglement of the final state we use Wootters's concurrence [35] which, for a density matrix of the form of Eq. (12) , is given by
with c 10 (t) and c 01 (t) given by Eqs. (13) and (14) . In general, the concurrence is zero for factorized states and unity for maximally entangled states. For κt ≫ 1 we obtain a stationary concurrence value
As expected, the value of the stationary concurrence is directly related to the subradiant component of the initial state. If both atoms are coupled to the EM field, the stationary value of the concurrence, for any initial state with β − = 0, will be nonzero. When the atoms are initially prepared in the superradiant state, i.e., β − = 0, the system approaches asymptotically the pure factorized state |0 (1) 0 (2) . For the initially factorized states 1
(1) 0 (2) and 0
(1) 1 (2) , the interaction with the environment generates entanglement in the atomic system. For these initial states the stationary concurrence takes the values C stat = 2|r
(1) |(1 − |r (1) | 2 ) 3/2 and C stat = 2|r (1) | 3 1 − |r (1) | 2 , respectively. As we have noticed in Ref. [29] , the factorized states are those that maximize the stationary concurrence for certain values of r (1) . The maximum value of stationary concurrence, for both the two factorized initial states considered here, is C and 0 (1) 1 (2) , respectively. We note in passing that when only one of the two atoms is coupled to the EM field, i.e., r (1) = 0 or r (2) = 0, the stationary concurrence is zero. In this case, indeed, the subradiant and the superradiant states coincide with states 1
(1) 0 (2) and 0 (1) 1 (2) as one can see from definitions (5) and (6) .
From the definition of the generalized Rabi frequency given by Eq. (15), which in the resonant case reads as Ω g = 4|β T g eff | 2 − κ 2 /4, two extreme regimes can be defined. In the weak ion-cavity coupling regime, defined by 4|β T g eff | ≪ κ, the generalized Rabi frequency is purely imaginary. Therefore, according to Eq. (15), the Dicke model predicts a solution given by monotonic hyperbolic sine and cosine functions. The opposite limit is the strong ion-cavity coupling regime, defined by 4|β T g eff | ≫ κ. In this case the generalized Rabi frequency is real and the Dicke model predicts damped oscillatory dynamics.
B. MCWF simulations in the presence of spontaneous emission
In this section, we focus on the effect of the spontaneous emissions on the subradiant-state-based entanglement generation described in the previous section.
We consider again as initial atomic state |ψ(0) = |1
(1) 0 (2) with the cavity in the vacuum state |0 (C) . For a given value of r (1) ∈ [0, 1], we choose β (1) and β (2) to be positive real numbers such that the larger of the two is always unity and the smaller one is min{r
The physical parameters have been chosen in accordance to the experiments of Ref. [8] and are summarized in Table I . The size of the ensemble in the MCWF simulations is N = 1000. We are using the variant of MCWF method described in [34] .
The value of the cavity coupling constant g in Table I refers to the new miniature trap recently realized at the University of Sussex [36] . The reference value κ 0 for the cavity damping can nowadays be improved by at least one order of magnitude. Finally, the detuning ∆ can be easily increased in the experiments, with respect to the reference value ∆ 0 .
With the experimental parameters of Table I , the coupling strengths Ω and g are of the same order. Therefore, neither the strong nor the weak laser pumping regimes, introduced in Sec. III C, are reached and, consequently, all the effective decay processes caused by the spontaneous emission are combinations of two different physical operations, as interpreted in Sec. III B.
Let us denote the atomic density-matrix components as ρ ab,cd ≡ a
, where a, b, c, d = 0, 1. S (lowest line for large ∆; with β (j) = 1) as a function of the detuning ∆. The isocurves 4|βT g eff |/κ = const (thin lines) are parallel to the |g eff | curve, so that the weak ion-cavity coupling regime is in the upper right corner and the strong ion-cavity coupling regime in the lower left one. The cavity decay rate κ (horizontal line) does not depend on the detuning. The effective spontaneous emission events are suppressed for large detunings.
The density matrix remains still in the same block form of Eq. (12) even in the presence of spontaneous emissions. The concurrence is therefore given by C(t) = 2|ρ 01,10 (t)|.
In the following we will examine the effect of the spontaneous emissions by comparing the concurrence as a function of time for fixed values of 4|β T g eff |/κ = 4|β T ξgΩ/κ∆|. We study large detunings (∆ ≫ γ S , γ D ), so the prefactor ξ ∼ 1. In the examples we change κ and ∆, such that κ/κ 0 = 0.1, 0.01 and ∆/∆ 0 = 10, 100, 1000, while keeping the product κ∆ constant. Physically, this corresponds to using different cavity qualities and detunings which, furthermore, influences the effective dynamical parameters. Larger detunings, indeed, suppress the effective spontaneous emissions in favor of the coherent dynamics, as explained in Sec. III C. The situation is clarified in Fig. 3 which shows the scaling of the effective coupling strength g eff and the dominant spontaneous emission decay rate Γ S , and κ characterize the dynamical regime: (i) the ratio |g eff |/κ defines the strong and the weak ion-cavity coupling regimes and (ii) the magnitude of Γ (j) S compared to |g eff | and κ, in turn, describes the significance of the spontaneous emission processes and tells us whether the dynamics is well described by the Dicke model or not.
Weak ion-cavity coupling regime
In this regime, the oscillatory dynamics stemming from the coherent coupling between the atoms and the cavity is heavily damped. In Fig. 4 we plot the concurrence as a function of both time and the relative coupling strength r (1) for ∆/∆ 0 = 100 and κ/κ 0 = 0.1, giving |g eff |/2π = ξgΩ/2π∆ = 17 kHz. All the other parameters are chosen as in Table I . We recall that initially the atomic state |ψ(0) = |1
(1) 0 (2) is factorized. The initial dynamics of the concurrence shows a monotonic increase, as the superradiant component [see Eq. (40)] rapidly fades away while the subradiant component remains intact. However, because of the presence of spontaneous emission, the subradiant state is not anymore perfectly decoupled from the dynamics and, consequently, the concurrence will not reach a steady-state value.
We note that the best peak value of the concurrence C ≃ 0.6 is achieved for r (1) ≃ 0.55, i.e., as expected, for an asymmetric configuration (r (1) = 1/ √ 2) of the ions with respect to the cavity field. However, this value of r (1) is now slightly different than the one obtained in Sec. IV A where spontaneous emissions were neglected (r (1) = 0.5). We will further discuss this point when considering the position dependence of the jumps statistics at the end of this subsection.
In Fig. 5 we further study the effect of the spontaneous emissions in the weak ion-cavity coupling case. In this figure, we compare the predictions of the Dicke model, described in Sec. II B, with the dynamics of the ion-cavity system in the presence of the spontaneous emissions for ∆/∆ 0 = 100, κ/κ 0 = 0.1 and ∆/∆ 0 = 1000, κ/κ 0 = 0.01. The dynamics of the concurrence clearly shows that, in the first case (κ/κ 0 = 0.1), the system approximates the Dicke model well while |Ω g |t/2π < 2.5, where the generalized Rabi frequency |Ω g | is given by Eq. (15) . For a better cavity (κ/κ 0 = 0.01), the concurrence approaches its quasi-stationary value and the system approximates the ideal Dicke dynamics for longer times, |Ω g |t/2π < 20.
We finally look at the statistics of the quantum jumps, described by the jump operators C are identical for a given atom j = 1, 2. Therefore, the jump statistics of the two corresponding decay channels will also be the same with a branching ratio given by Γ
Our MCWF simulations confirm that the dominant jump processes are those corresponding to the effective spontaneous emission operators C (j) S and the cavity photon annihilation operator a. In Fig. 6 we plot the average cumulative number of quantum jumps per ensemble member for the jump operators C
S , and a. Looking at the statistics helps us to understand how the reservoir-mediated entanglement generation process depends on r (1) . We notice that the jump statistics of processes originating from the spontaneous emissions of atoms 1 and 2 are different. This is of course due to the asymmetry in the initial condition. Since initially the excitation is present in atom 1, the average cumulative number of jumps per ensemble member is typically greater for C (1) S than for C (2) S . The peak in the cumulative number of jumps, for the three different jump operators considered in Fig. 6 , moreover, is reached in correspondence of different values of r (1) . This indicates that the value r (1) ≃ 0.55, which optimizes the concurrence generation (see Fig. 4 ), corresponds to a compromise between the different r (1) -dependent jump statistics. In particular, the deviation from the optimal value in the absence of spontaneous emission (r (1) = 0.5) might be 
S , and a. Parameters: ∆/∆0 = 100, κ/κ0 = 0.1.
due to the fact that the number of C 
Strong ion-cavity coupling regime
In the strong ion-cavity coupling regime, the cavity damping is slow compared to the coherent dynamics. Therefore, a slowly damped oscillatory behavior of the concurrence is expected. In Fig. 7 we plot the concurrence as a function of both time and the relative coupling strength r (1) for ∆/∆ 0 = 10 and κ/κ 0 = 0.1, giving |g eff |/2π = ξgΩ/2π∆ = 170 kHz. All the other parameters are chosen as in Table I . Note that the ratio |g eff |/κ is now one order of magnitude bigger than in Sec. IV B 1. The dynamics has an oscillatory character, since the superradiant component survives much longer than in the weak ion-cavity coupling regime. However, due to the presence of the spontaneous emissions the concurrence does not reach a steady-state value in this regime either.
The best peak value of the concurrence, C ≃ 0.6, is now obtained for r (1) ≃ 0.46. In Fig. 8 we choose this value of r
(1) and we compare the dynamics of the single-mode Dicke model with cavity losses to the dynamics of the ion-cavity system in the presence of effective spontaneous emissions for the cases of ∆/∆ 0 = 10 with κ/κ 0 = 0.1, and ∆/∆ 0 = 100 with κ/κ 0 = 0.01. In the second case, i.e., for a better quality factor, the system approximates the Dicke model for longer time scales, as one would expect. In this case one can clearly observe the damped Rabi oscillation at the generalized Rabi frequency given by Eq. (15) .
It is worth noticing that, in the strong ion-cavity coupling regime, the laser-mediated interaction with the cavity vacuum allows us to generate a highly entangled state of the two ions, as one can see in Fig. 8 . In particular, for ∆/∆ 0 = 100 with κ/κ 0 = 0.01, using a laser pulse of duration t ≃ 2π/|Ω g |, the generated state is close to a maximally entangled Bell state.
V. ENVIRONMENT-INDUCED ENTANGLEMENT: DISPERSIVE REGIME
In the previous section we have seen that by placing the ions properly, i.e., by adjusting the relative coupling strength r (1) , it is possible to optimize the reservoirmediated entanglement generation. The examples discussed above deal with the resonant effective model, which is defined by the condition δ eff = 0, which in turn corresponds to a physical detuning
We have seen that the highest value of the concurrence is obtained in the strong ioncavity coupling regime.
In Ref. [37] , however, the single-mode Dicke model with cavity losses is studied in the dispersive regime, showing that a high degree of entanglement can be obtained also in the weak ion-cavity coupling regime. For this reason we now look at the off-resonant entanglement generation process in the ion-cavity QED, i.e., we consider the case in which δ eff = 0. In the dispersive regime, the relative position of the ions does not play an essential role and in fact one shows that the optimal value of r (1) is obtained for equal coupling of the two ions, i.e., r (1) = r (2) = 1/ √ 2 [37] . We consider once more the initial atomic state |ψ(0) = |1 
|0
(C) . We set r (1) = r (2) = 1/ √ 2 (by choosing maximally strong cavity-driven couplings β
(1) = β (2) = 1), ∆/∆ 0 = 10, and κ/κ 0 = 0.1, corresponding to the weak ion-cavity coupling regime of Sec. IV B 1. We now look at the time evolution of the concurrence for different values of the laser detuning δ L . Figure 9 shows the concurrence as a function of both time and detuning δ L . One can see clearly that the Stark shift terms appearing in the effective Hamiltonian of Eq. (20) relocate the resonance condition from the origin to
/2π∆ = 120 kHz. Figure 9 also shows that selecting the detuning δ L further away from the resonance produces higher values of concurrence. In particular, with the chosen parameters the maximum value of concurrence C ≃ 0.62 is obtained with δ L /2π ≃ 600 kHz.
As demonstrated in Ref. [37] , increasing the detuning |δ eff | correspondingly increases the time it takes for the concurrence to reach its peak value. The longer is the entanglement generation time, however, the stronger is the effect of the spontaneous emissions. In other words, the achieved gain in the entanglement generation obtained by increasing the effective detuning is quickly suppressed due to the spontaneous decay, as the overall time of the entanglement generation process increases. The maximum value of entanglement achievable in the dispersive regime is therefore determined by the interplay between these two effects.
It is worth noticing that going from the resonant into the dispersive regime changes the character of the generated entangled state as well. To illustrate this point, we plot in Figs. 10 and 11 the populations and coherences, respectively, of the reduced atomic density matrix versus time and detuning δ L . These plots confirm the increase in the entanglement generation time when going deeper and deeper into the dispersive regime (|δ eff | > 0). If we then focus on the dynamics of the coherences and, in particular, on the real and imaginary parts of the only nonzero off-diagonal element ρ 01, 10 , we see that on resonance the imaginary part vanishes in accordance with the predictions of Sec. IV. Therefore, in the resonant regime the generated entangled state approximates the subradiant state. On the other hand, in the dispersive regime Re[ρ 01,10 ] ≃ 0 and Im[ρ 01,10 ] = 0. Indeed, in the absence of the spontaneous emissions, the generated state in the dispersive regime would be 1
/ √ 2 (positive sign for negative δ eff and vice versa).
VI. SUMMARY AND CONCLUSIONS
In this paper we have investigated how the singlemode Dicke model can be realized under experimentally feasible conditions using two trapped 40 Ca + ions inside a high-finesse optical cavity. We have taken into account the spontaneous emissions of the ions as well as the damping of the electromagnetic field inside the cavity. In particular, we have derived an effective two-level description of the three-level ions interacting with the cavity mode.
We have shown that under suitable conditions the two ions indeed behave collectively, with a coherent dynamical evolution well described by the Dicke model: two effective two-level systems exchanging an excitation with an effective one-dimensional cavity mode. The presence of decohering processes, such as the atomic spontaneous emission or the cavity field damping, modifies this ideal picture. However, in the effective model, the spontaneous emission decay rates are proportional to 1/∆ 2 whereas the ion-cavity couplings scale as 1/∆, where ∆ is the detuning of the physical cavity frequency from the electronic transition that it is driving. This difference in the scaling can be exploited in order to partly suppress the destructive effect of the atomic spontaneous emissions.
We have identified the generation of entanglement as a fingerprint of the cooperative atomic behavior and analyzed this process in detail. In particular, we have proven that it is possible to enhance the entanglement generation process by positioning the ions appropriately at different locations with respect to the standing mode of the electromagnetic field inside the cavity. In the resonant case, where the two-level systems and the cavity mode have the same frequency, we have shown that asymmetric coupling with the cavity mode produces the highest degree of entanglement, even in presence of spontaneous emissions. We have studied both the weak and the strong ion-cavity coupling regimes, defined by the strength of the ion-cavity excitation exchange compared to the cavity field damping rate, and found out the optimal conditions for entanglement generation in both cases.
Another possibility to optimize the entanglement generation is to go to the dispersive regime in the ion-cavity coupling by using an off-resonant Raman transition. The maximum degree of entanglement in the dispersive and in the resonant regimes, for realistic values of the parameters, is similar. Our results indicate, however, that the character of the generated entangled state in the dispersive regime changes compared to the resonant case.
Our experimental proposal is based on existing technology used in the context of ion-cavity QED experiments [8, 9, 30] . In order to detect the generated entanglement, the state tomography of the atomic systems is needed. In recent years, this has been routinely performed in similar trapped-ion systems, e.g., in the context of quantum computation and measuring the quality of quantum gates [31] . Therefore, we expect our proposal to be within the reach of the experimental community.
APPENDIX A
In this appendix we show how the master equation (16) for Λ-coupled three-level atoms and a cavity photon is transformed into an effective two-level master equation (23) by adiabatic elimination of the excited atomic states {|P (j) }. Especially, the elimination transforms the jump operators related to the spontaneous emissions into the form given by Eqs. (24) and (25) . For the sake of generality, our treatment here is valid for N atoms and we allow each ion j to be irradiated by a separate pump laser with frequency ω L + δ with respect to
transforms the operators as
for all atoms j, and the Hamiltonian (17) becomes
The dissipator part of the master equation (16) is invariant under this transformation. Let us define a projection P to a subspace spanned by the to-be-eliminated atomic states {|P (j) }, and another projection Q to the complementary subspace by
Correspondingly, the density matrix divides into four sections̺
The Hamiltonian is similarly divided in parts
We proceed to deriving an effective master equation for ̺ QQ , which describes the dynamics of a collection of effective two-level atoms and a cavity mode. Applying Eqs. (A10)-(A13) to master equation (16) giveṡ
Setting̺ QP =̺ P Q = 0, assuming ̺ QQ ≫ ̺ P P , and neglecting the cavity damping in Eq. (A15) gives an approximation
Similarly, setting̺ P P = 0 in Eq. (A16) and using the above approximations for ̺ QP and ̺ P Q gives
Finally, by inserting Eqs. (A17) and (A18) into Eq. (A14), we arrive at an approximated master equation 
which has the form of the master equation (23) . We can now recognize the effective Hamiltonian [cf. Eq. (20)] as
the effective spontaneous emission jump operators [cf. Eqs. (24) and (25)] as 
In the above equations the dimensionless prefactor ξ is as defined in Eq. (22) .
APPENDIX B
In this appendix, we review how the effective two-level Hamiltonian (20) with Stark shifts is matched exactly with the Tavis-Cummings Hamiltonian (1) by passing into a rotating frame. Moreover, we show how to exploit the same phase transformation in order to simplify the propagator for the numerical simulations. As in Appendix A, we assume each atom j = 1, . . . , N to be addressed by its own pump laser with independent detunings δ L . We will restrict ourselves to the subspace with at most one excitation. We introduce the following notation for the atomic states:
so that the Hamiltonian (20) reads
1 0 (C) | + H.c.
with Stark shifts S (C) = −ξ j |g L /∆. The time dependence of the coupling terms will be eliminated by a phase rotation of the basis vectors
where µ, ν ∈ R are up to now free parameters. The Hamiltonian transforms accordingly into
The requirement of a full compatibility with the TavisCummings Hamiltonian (1) within our restricted Hilbert space demands that µ = µ(ν) = (S (C) + ν)/3. Consequently, the effective Dicke model parameters are identi-fied as [cf. Eqs. (27) - (29)] A and couplings α (j) . On the other hand, if one has only a single laser driving all of the atoms, the transition frequencies are the same for every atom j, but the coupling constants α (j) remain independent because of the positiondependent cavity couplings g (j)
C . Another aspect of the performed phase transformation is provided by how they affect the dissipator part of the master equation (23) . Within our restricted Hilbert space, the jump operators transform now as
a → e −i[µ(ν)−ν]t |ϕ 0 0 (C) ϕ 0 1 (C) | (B14) (global phase factors can be discarded immediately), where the decaying (un-normalized) states are
In the numerical MCWF simulations, the dynamics is generated by a non-Hermitian Monte Carlo Hamiltonian H MC = H − From the practical point of view, it is advantageous to have a time-independent H MC , since then the Dyson series of the propagator simplifies into exponential form U (t, t 0 ) = exp[−iH MC (t − t 0 )]. This is now achieved simply by choosing ν = 0, and hence the phase transformation is unique.
